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0. INTRODUCTION 
This paper is a study of the rings of the title. We have tried to classify 
these rings. In [8] it was proved that a semiprime hereditary P.I. algebra 
which is a finite algebra over its centre is in fact a finite module over its 
centre, and these latter rings have been studied by Kirkman and 
Kuzmanovich in [9]. In [lo] it was proved that for p.p. P.I. algebras which 
are finite algebras over their centres one can in a certain sense split off the 
semiprime part. We show as a generalization of that result that a p.p. P.I. 
ring which is a finite algebra over its centre is a finite direct sum of rings 
each of which is a triangular matrix ring with semiprime rings in the 
diagonal. 
The first part of the paper is devoted to a study of the centres of left 
hereditary P.I. algebras. First it is proved that an indecomposable hereditary 
P.I. algebra having no infinite set of orthogonal idempotents is either prime, 
in which case the centre is a Dedekind domain, or the centre is .a field. 
As a corollary one easily obtains that a hereditary P.I. algebra, which is a 
finite algebra over its centre, has a hereditary centre; in fact if no “stalk” is 
semiprime, such a ring must have a von Neumann regular hereditary centre. 
We show by an example that such a result does not hold in case the ring is 
just left hereditary (and not necessarily a finite algebra). But also for left 
hereditary P.I. algebras we can prove that if they are finite algebras over 
their centres, then they have hereditary centres. 
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The final result of our paper is that a hereditary P.I. algebra which is a 
finite algebra over its centre is a direct sum of a semiprime ring and a finite 
number of rings: each having a field as centre. This result has as an 
immediate corollary that in case the ring is a finite module over its centre. 
then the ring is a direct sum of a semiprime and an Artinian ring, the latter 
result being due to Fuelberth et aE. 
In this paper we use the Pierce sheaf-theoretic representation of a ring; for 
results concerning that, the reader might see 12, 91, but for the reader’s 
convenience we will explain the notation and list some of the basic facts. 
Let C be the centre of the ring R; then the Boolean algebra R(C) of C is 
the set of idempotents of C with the usual multiplication and with addition 
given by e *f= e +f- 2ef: Let x be a prime ideal of B(C). It is easy to 
show that XR = (YE R 1 er= 0 for some e in S(Cj\x). We set R,= R/xR 
and we use r, to denote the image in R, of an element r of R. If e is in B(C) 
not in x, then I- e is in x so that e, = 1,. Thus we can think of R, = R/xR 
as being a partial quotient ring of R with respect to the set B(C)\,U, the 
corresponding torsion ideal is XR and the elements of B(C)\x become the 
identity of R,. We call R, the stalk of R at x. The set Spec(B(C)) of all 
prime ideals of B(C) can be made into a topological space with respect to 
the Zariski topology in the usual way. 
Let us finally recall that there is a one-to-one correspondence between 
open-closed subsets of Spec(B(C)) and elements of B(C) (i.e., central idem- 
potents of R), 
1. PRELIMINARY RESULTS 
In this section we will give a list of results which are needed in our paper. 
LEMMA 1 (Bergman [2, Corollary 8.21). Let R be a left p.p. ring; the?? 
the centre C of R is a p.p. ring. Moreover, each regular element of C is 
regular in R. 
LEMMA 2. Let R be a P.I. algebra which is a finite algebra over (t 
commutative integral domain C. If R is a left p.p. ring, then A has no infinite 
set of orthogonal idempotents. 
Proof- Let S denote the regular elements of C; then every element of 5’ is 
regular in R (Lemma 1) and hence it suffices to prove the lemma in case 
R = R,. It is easily seen that R, is a finite algebra over K, the quotient field 
of R, thus also R,/rad(R,j is a finite algebra over K. By Procesi [ 1% 
Theorem 2.51, R,/rad(R,) has no infinite set of orthogonal idempotents, 
hence also A,. 
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LEMMA 3 (Page [ 12, Theorem 1.1 I). Let 
A=($ z), 
where A,,, A, are rings and M an A,,-A, bimodule; then A is left hereditary if 
and only if 
(i) A,, A, are left hereditary rings, 
(ii) M is flat as a right A ,-module, 
(iii) for every left ideal I of A, M/MI is left A,, projective. 
LEMMA 4. Let A be a finite algebra over its centre C. Then for each 
multiplicatively closed subset S of C, we have that the centre of A, is C,. 
The proof is straightforward and is therefore omitted. 
LEMMA 5. Let A be a P.I. algebra which is a finite algebra over its 
centre C and let S be a multiplicatively closed subset of C. Then rad(A,) = 
‘ad(A), . 
ProoJ: See [8, Lemma 1.41. 
LEMMA 6. Let R be a left p.p. algebra which is a finite algebra over its 
centre C and suppose R has the form 
Let x be in spec(B(C)) and suppose that M, # 0,. (Here we are abusing 
notation slightly by considering M to be a subset of R). Let c = diag(c,, c2) 
be an element in C; then either c, = O,Y or both (c,)~ and (c,), are nonzero. 
ProoJ: By Lemma 1 we know that the nonzero elements of C, are regular 
elements of R,. As usual, eij will denote the matrix having a 1 in the ith row 
and jth column and 0 elsewhere. We have that c, = diag((c,),, (c,),). 
Suppose that c,# 0,; then 0 # c, . fif.Ke,z =Mxe,, . c, and the claim 
follows. 
We have now shown that the mapping from C to C,, the centre of A,, 
given by c + c, is an injective ring homomorphism, here 
C= 
2, 0 
( 1 0 C?’ 
In case C is an integral domain and A is left hereditary, then it is shown in 
[7] that C, contains the quotient field of the image of C. 
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For the following we need a version of the Artin-Tate lemma, for which 
we have been able to find no reference in the literature. Our version is proved 
in much the same manner as [ 11, Proposition 21, but for the reader’s 
convenience we include a proof. 
LEMMA 7. L.et R be a commutative ring and T a Noetherian ring and a 
finite R-algebra (not necessarilJl commutative). If S is a subring of T 
containing R and contained in the centre of T, such that T is a jnite S- 
module, then S is a finite R-algebra. 
ProoJ Let T= R[u,,..., uk]and T= Sv, + ., . + SC, and now write 
ui = 5 aijvj, aij in S, 
vivj=v bij,v,, 
7 
bij, inS. 
Let T,, denote the ring generated by R and the ai;s and the bij;s; clearly T 
is a finite module over T,, and T,, is contained in S. By the Eakin-Eisenbud 
theorem, T, is Noetherian, hence S is a finite To-module; combining this 
with the fact that 7’,, is a finite R-algebra concludes the proof of the lemma. 
2. THE CENTRE OF A LEFT HEREDITARY P.I. ALGEBRA 
The first result of this section is similar to [7, Proposition]. 
THEOREM 1. Let R be a left and right hereditary PI, ring with no 
infinite s t of orthogonal idempotents. IL moreover, R is indecomposable alzd 
not semiprime, then the centre of R is a field. 
Proof. By assumption R is a PWD (61 and hence we can write R as a 
ring of triangular matrices 
where M # 0 and A, is a prime hereditary PI. ring, hence Noetherian by 
[ 131. Let c be a nonzero central element; then as a matrix 
CO o\ 
c= 0 c,’ ( i 
where ci is central in Ai, i = 0 and 1, and corn = mc,. 
If we can show that c, is a unit in A 1, then the theorem is easily proved. 
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We have already noted (remark after Lemma 6) that c0 is a unit in A, ; hence 
if c,d, = 1 and c, d, = 1, then c,m = mc, implies that md, = d,m. Conse- 
quently, 
d= 
belongs to the centre and is an inverse of c. 
To show that c, is a unit in A 1 we examine two cases. 
Case (a): A, is not semiprime. In this case A, has exactly the same 
properties as R, so by induction on the number of minimal primes of the ring 
we get that the centre of A, is a field. 
Case (b): A, is semiprime. Then by our assumptions we can write A, as 
a direct sum of prime rings, i.e., we can find central orthogonal idempotents 
e, ,..., e in A,, with sum 1 (in A,), such that e,A, ,..., enA,, are prime 
hereditary Noetherian rings. For each i, Mei # 0, for otherwise 
0 0 
( 1 0 ei 
would be a nontrivial idempotent element of the centre of R. 
Since R is right hereditary, it is immediate that Me, is a projective iA,- 
module. But M= c,,M= MC,, SO Me, = Me,cic,. Therefore by [S, 
Lemma 11, eicl is a unit of e,A, . 
COROLLARY 1. Let R be a left and right hereditary PI. ring with no 
injinite set of orthogonal idempotents. Then the centre of R is a direct sum qf 
Dedekind domains and fields. 
Proof The prime case is taken care of by [ 14, Theorem 41. 
COROLLARY 2. Let R be a left and right hereditary P.I. ring which is a 
finite algebra over its centre C. Then C is a hereditary ring. 
ProojI By Bergman [2, Sects. 4 and 91 it follows that it suffices to show 
that each stalk C, of the centre is Dedekind. By Lemma 4, C, is the centre of 
A,, and by Lemma 1, CX is an integral domain. Corollary 2 is now a conse- 
quence of Lemma 2 and Corollary 1. 
Combining with earlier emarks, we get 
COROLLARY 3. Let R be a left and right hereditary P.I. ring which is a 
finite algebra over its centre C. If R, is not semiprime for each x in 
Spec(B(C)), then C is a hereditary von Neumann regular ring. 
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Let R be a left hereditary P.I. ring with no infinite set of orthogonal idem- 
potents and suppose that R is indecomposable and not semiprime. We shall 
show in Example 1 that the centre C of R need not be a Dedekind domain 
(we shall consider fields to be Dedekind domains). However, if R is finitely 
generated over C as an algebra, then C is a Dedekind domain (Theorem 2) 
and if R is also right hereditary, then C is a field (Theorem 1). We do not 
know whether the centre of a right and left hereditary PI. ring is always 
hereditary. 
EXAMPLE 1. Let A be a Dedekind domain with quotient field L and F a 
subfield of L such that A n F is not a Dedekind domain; such an example 
exists by 13, Chap. 7, Sect. 2, Exercise S]. 
Let R be the ring of upper triangular matrices of the form 
R= 
By Lemma 3, R is left hereditary; it is easily seen that the centre of R is 
F n A; hence R is indecomposable. Since R is a subring of the ring of 2 x 2 
matrices over L, R is a P.I. ring with no infinite set of orthogonal idem- 
potents. 
This example shows that in Theorem 1 it is essential that R is both left 
and right hereditary. 
The next result shows that such bad “things” cannot happen in case R is a 
finite algebra over its centre. 
THEOREM 2. Let R be a left hereditary P.I. ring which is afinite algebra 
over its centre C and suppose C is a domain. Then C is a Dedekind domain. 
ProoJ: By Lemma 2, R has no infinite set of orthogonal idempotents, 
hence is right semihereditary. Thus R is a PWD. We can therefore write R as 
matrices of the form 
s M 
i ) 0 T,’ 
where S is prime. We can suppose M # 0, for otherwise R is prime and we 
can use the theorem of Robson and Small [ 14]. 
Let D be the centre of S. As already noted, S contains the quotient field K
of the homomorphic image of C in S, C’, say. Again by Robson and Small, 
S is a finite D-module. It is easily seen that S is a finite C/-algebra, since R 
is a finite C-algebra. Now the Artin-Tate lemma (Lemma 7) implies that D 
is a finite C-algebra. Also notice that the classical Gull dimension of D is al 
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most one, since D is a Dedekind domain. Therefore we get by the 
normalization lemma that either D is integral over K or there exists a w in D 
such that 1~ is transcendental over K and D is integral over the polynomial 
ring K[w], which we shall denote by W. We know that D is a finitely 
generated K-algebra. If D is integral over K, then D is a finite K-module, so 
that K is a finite C/-algebra by the Artin-Tate lemma. Similarly, if D is 
integral over W as above, then D is a finite W-module so that W, and hence 
also K, is a finitely generated C/-algebra by the Artin-Tate lemma. 
Thus in both cases K is finitely generated as a C’-algebra. Therefore K, 
being the quotient field of C’, must be of the form C’ [l/c] for a suitable c in 
C’. Hence every nonzero prime of C’ contains c. From Bergman and Cohn 
[ 1, Theorem 7. l] we know that C’ is a Krull domain, hence c belongs only 
to a finite number of height 1 primes Pr,..., P , say, and each Cii is a 
discrete valuation ring. Combining these facts we get that 
Now it is well known that C’ is a Dedekind domain, but C’ is isomorphic 
to C and the proof of the theorem is now completed. 
COROLLARY. Let R be a left hereditary P.I. ring which is a finite algebra 
over its centre C. Then C is a hereditary ring. 
ProoJ By Bergman [2, Sects. 6 and 91 it follows that it is sufficient to 
prove that C, is a Dedekind domain for each s in Spec(B(C)), but that is a 
consequence of the theorem and Lemma 4. 
3. DECOMPOSITION AND STRUCTURE THEOREMS 
In this section we prove that a p.p. P.I. ring which is a finite algebra over 
its centre is a finite direct sum of upper triangular matrix rings with 
semiprime rings in the diagonal. As a consequence we get that a left 
hereditary p.p. P.I. ring which is a finite algebra over its centre is a direct 
sum of a semiprime ring and a ring with a Noetherian centre, and in case the 
ring is right hereditary, the ring will be a direct sum of a semiprime ring and 
a finite number of rings each having a field as centre. 
After having written the first version of this paper we became aware of 
work by Kirkman and Kuzmanovich [lo]. The next two results are from 
their paper, but we will derive their main result as a consequence of our 
results. 
From [lo] we quote 
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PROPOSITION 1 [ 10, Proposition 21. Let R be a left and right p.p. P.I. 
ring which is a finite algebra over its centre. The elements of R have open 
closed support. 
Now the argument proving [ 7, Theorem 3.11 shows 
PROPOSITION 2 [ 10, Theorem 3(i)]. Let R be a left and right p-p. P.I. 
ring which is a finite algebra over its centre. Then R is a direct sum of a 
semiprime ring and a ring A such that A, is not semiprime for each x in 
Spec(B(C)j, where C denotes the centre of A. 
We are now in a position to prove the first main result of’this ection. 
THEOREM 3. Let R be a left and right p.p. P.I. ring which is a Jnite 
algebra over its centre C. Then R is a finite direct sum of upper triangular 
matrix rings of the form 
A, 
. . Aij 
i 1 0’ ’ An‘ 
where A, is an Ai - Aj-bimodule and Ai is semiprime for all i. 
ProoJ We are going to prove that for each x in Spec(B(C)) =X there is 
an open-closed neighbourhood of x such that R has the desired form in this 
neighbourhood (i.e., there is a central idempotent e of R such that e is not in 
x and the ring eR has the desired form). Then a standard sheaf-theoretic 
argument using the compactness of X will prove the theorem. 
Let .Y in X be given; we know that R, is a PWD. Hence we can find 
orthogonal idempotents e, ,..., e in R, with sum 1, such that eiRxej = 0 for 
i > j and such that eiR.xei s a prime ring for all i. It follows from the 
definition of R, as R/xR that there are orthogonal idempotents f, ,..., f, of R 
such that (&), = ej for all j. With a, ,..., a,,, a fixed finite generating set for R 
as a C-algebra we ha& that 1 -f, - ... -f,, is in xR and fia, fj is in XR for 
all i, j, and k with i > j, so there is a central idempotent e not in zc such that 
e(1 -fi - . . . -f,) = 0 = efiakfj whenever i > j. By passing to the ring eR, 
we may without loss of generality assume that e = 1. 
Thus there are orthogonal idempotents f, . . . ..f. in R with sum 1 and 
&a,& = 0, i > j. If i > j, thenJ;:a,fia,J; = 0 for all k, I, and t because either 
fia,ft= 0 or fta,fj= 0; summing over t gives fja,a,&= 0 and it follows 
easily by induction that fiAfj = 0. 
We have now proved that R has an upper triangular matrix structure with 
the rings fiRJ;: in the diagonal, but it does not seem to be immediate that 
these rings are semiprime. It is easily seen that_&Rfi is a finite algebra over 
481;8?‘1-4 
48 CHATTERS ANDJ0NDRUP 
C, since it is a factor algebra of a finite algebra. We have to find a central 
idempotent e, where e is not in x, such that e(f, Rf, @ --- Of,, Rf,,) is 
semiprime and then the theorem will be proved. 
To make the notation easier we set A, =JRfi and Ai =hRf, ; then R is 
isomorphic to the usual matrix ring and for each i it is clear that xAi is an 
ideal of Ai and Ai/xAi is isomorphic to fiR,fi and so is a prime ring. 
We have Ai = Si @ Ti, where Si is semiprime and (Ti,jY isnot semiprime 
for all ~7 in spec(Bi), where Bi is the Boolean algebra of central idempotents 
of Ti. For each i, xBi is an ideal of Bi. Suppose that xB, # Bi; then xBi is 
contained in or equal to y for some y in spec(Bi) (for the moment we are 
thinking of i being fixed). Thus (Ti)p = Ti/yTi s not semiprime. But T,/xT, is 
a direct summand of the prime ring Ai/xAi. so Ti/xTi is a prime ring. But 
Ti/~lTi is a partial quotient ring of TJxT, with respect to a set of central 
elements; therefore by Lemma 5, TJyT, is semiprime, a contradiction. Hence 
xBi = Bi so that Ti = XT,. Hence there is an e in B(C) with e not in x such 
that eTi = 0 for all i. Thus eA, = eS, is semiprime for all i. The proof of the 
theorem is now completed. 
We immediately obtain some corollaries; the first one could be obtained 
from Lemma 5, but we have not been able to get the others by a direct 
argument. 
COROLLARY 1. Let R be as in Theorem 3. Every rzil right ideal is 
nilpotent. 
COROLLARY 2. If R is also left hereditary, then so is R/N(R). 
COROLLARY 3. rf R is left or right semihereditary, then so is R/N(R). 
COROLLARY 4. The ring R has finite global dimension if and only if 
R/N(R) has. 
The proofs of the first hree corollaries are immediate from the theorem. 
The last corollary follows from [4, Corollary 51. 
The next result is also a consequence of Theorem 3, but less obvious. 
THEOREM 4. Let R be a left hereditary p.p. P.I. ring which is a jk’te 
algebra over its centre C. Then R is a finite direct sum of rings each of which 
is either semiprime or has a hereditary Noetherian centre. Ifin addition R is 
right hereditary, then R is a finite direct sum of rings each of which is either 
semiprime or has afield as centre. 
Before we prove Theorem 4 let us note some corollaries. 
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CQROLLARY 1 [5, Theorem 2.101. Let R be a left hereditary right p.p. 
ring which is a finite module over its centre; then R is a direct sum qf a 
semiprime and an Artinian ring. 
ProoJ: By Theorem 4 we may assume R has a Noetherian centre, hence 
R itself is Noetherian, and R is also right hereditary. Again by Theorem 4 
the centre of R must be a finite direct sum of fields and hence R itself is 
Artinian, 
Since a finitely generated algebra over a commutative Noetherian ring has 
no infinite set of orthogonal idempotents [13, Theorem 2.51. we get the 
following result (cf. [ 10, Theorem 3(ii)]): 
CQRCILLARY 2. Let R be a teft hereditary right p.p~ ring which is afinite 
algebra over its centre; then R is a direct sum of a semiprime and a ,jnite 
number of indecomposable PWDs. 
Let us now return to the proof of Theorem 4. 
Proof of Theorem 4. We know that R is a direct sum of a semiprime ring 
and a locally non-semiprime ring, so we can suppose that R is locally not 
semiprime. Furthermore we can assume that R is an upper triangular matrix 
ring with semiprime rings in the diagonal. 
We can write R as 
where as usual S is semiprime and T is an upper triangular matrix ring. 
The support of S in spec(B(C)) . 1s an open-closed set by Proposition 1, so 
that by passing to a direct summand of R we may suppose that S, f 0, for 
all x E spec(B(C)). For each such x we have 
Because R, is indecomposable and not semiprime it follows that M, # 0,. 
Let x be in Spec(B(C)); then TX is an ideal of T so that MjMx is left S- 
projective (by Lemma 3). Therefore M = K(x) @ Mx for some S-submodule 
K(x) of M. Since x is a subset of C, we have that XM = Mx so that xK(xj is 
contained in both K(x) and Mx. Hence xK(x) = 0. For each x we have such 
a K(x). 
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For i from 1 to n let the matrices 
ai = si m, ( ) 0 *i 
form a generating set for R as a C-algebra; then 
M=Sm,T+ ..- f Sm,T. 
Let m be any of the m;s; then m is in K(x) + &lx, so that there is a central 
idempotent e of R with e not in x such that em is in K(x). Doing this for 
each mi, we can find an idempotent e(x) such that e(x) mi is in K(x) for all i. 
Rut as x ranges over Spec(B(C)) we have C = C-y e(x)C. Therefore there 
exist x1 ,..., xk in Spec(B(C)) such that C F e(x,) C + . . . + e(x,J C. Thus for 
each i we have that Cm, is contained in K(x,) + m-0 + K(x&. But 
xiK(xi) = 0. Set I= x, ... xk; then Imi = 0 for all i. But I is central in R. 
Therefore ISmi T = 0 for all i so that IA4 = 0. 
Let x be a maximal ideal in Spec(B(C)) not containing I, if possible; then 
C=IC+xC so that M=CM=IM+xM=xM and M,=O,, a con- 
tradiction. 
Thus I is contained in every maximal ideal of B(C), i.e., I = 0. So the 
Boolean algebra B(C) has only a finite number of maximal ideals, hence is a 
finite ring. Thus R has only a finite number of central idempotents o R is a 
finite direct sum of indecomposable rings. Let R’ be one of these rings; then 
the centre of R’ is an integral domain and by Lemma 2, R’ has no infinite 
set of orthogonal idempotents. So by Theorem 2, the centre of R’ is a 
Dedekind domain, and is a field if R is right hereditary and not semiprime. 
The proof of the theorem is now completed. 
Another way of proving the result is to show that the ring S, is a finite 
direct sum of prime rings and is embeddable in M/xM, then by assumptions 
S, is left S-projective, thus S has xS as a direct summand, implying that X-S 
is finitely generated. Then again one can prove that this implies that x is 
finitely generated and we are done by the same argument as proves the 
theorem. 
Remark. Theorem 4 is false in case R is just left and right semihereditary 
[5, Example 2.111. 
We end the paper by proving results concerning the structure ofN, the nil 
radical of R. 
PROPOSITION 3. Let R be a left p.p. ring with no infinite set of 
orthogonal idempotents and suppose the centre C is an integral domain. Then 
N, the nil radical, is C-divisible. 
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ProoJ: By assumptions R has a PWD structure and N is the ideal of 
strictly upper triangular matrices. To show that N is C-divisible it suffices to 
show that each N, is C-divisible, where 
R= 
Now consider the ring 
this ring is clearly left p.p. 
If c = diag(c I,..., ck) is a nonzero central element in R, then c is regular in 
R (Lemma 1) and thus cij = diag(c,, cj) is regular in R, and so ci is regular 
in Si. 
We will usef,,, fiz,fi,, and fZ2 for the usual matrix units in R,. Let ~7 in 
N, be given and consider a = nf12 + cjfzz; then I(a) = R,e for some idem- 
potents e. Notice that tin = flcj and set b = cif,, - nf,2 J then ba = 0 so 
b = be. Since ci is regular in Si, we must have that e has 1 in the (1, 1) 
position. But ea = 0 gives, by considering the (1,2) entry, that n + rz’ci = 0, 
where n’ is the (1, 2) entry of e. Thus n is in Ncj so that N= Iv1 and the 
proposition is proved. 
COROLLARY. Let R be a left p.p. P.I. ring which is aJnite algebra over 
its centre C. Then N, the nil radical of R, is C-divisible. 
Proof. Let c be a regular element of C. To show that N = NC it suffices 
to do so in each stalk. By Proposition 3 and some of our earlier esults 
(Lemmas 2 and 5), the corollary follows. 
Remark. If R satisfies the assumptions of Proposition 3, then N is also 
C-torsionfree by Lemma 1, thus N is isomorphic to a direct sum of copies of 
Q, the quotient field of C. 
From this remark and Proposition 3 we now get 
THEOREM 5. Let R be a left p-p. ring which is a finite module over its 
centre C, and suppose C is a domain and R is not semiprime; then C is d’ 
field alld R is Artinian. 
Proof: Tt follows from the upper triangular matrix structure of R that N 
is a finite C-module; thus by the remark the quotient field of C is a finite C- 
module so C is a field. Since R is a finite C-module, the result follows. 
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COROLLARY. Let R be a left and right p.p. ring, modulejinite over its 
centre C; then R is a direct sum of a semiprime ring and a ring T such that 
T/N(r> and the centre of T are von Neumann regular. 
ProoJ By Proposition 2, R is a direct sum of a semiprime ring and a 
ring T*with no stalk being semiprime. We have just shown that each stalk of 
the centre of T is a field and TJN(T,) is semisimple Artinian, and now the 
corollary follows by standard sheaf technique. 
Remark. Small and Wadsworth have recently published an example of a 
right Noetherian right hereditary p.i. ring whose centre is neither Noetherian 
nor semihereditary [15, Example 31. 
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